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BOUNDS ON GENUS AND CONFIGURATIONS OF EMBEDDED
SURFACES IN 4-MANIFOLDS
HOKUTO KONNO
Abstract. For several embedded surfaces with zero self-intersection number
in 4-manifolds, we show that an adjunction-type genus bound holds for at least
one of the surfaces under certain conditions. For example, we derive certain
adjunction inequalities for surfaces embedded in mCP2#n(−CP2) (m,n ≥ 2).
The proofs of these results are given by studying a family of Seiberg-Witten
equations.
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1. Introduction
It is a fundamental problem in 4-dimensional topology to find a lower bound for
the genus of an embedded surface which represents a given second homology class
of a 4-dimensional manifold. In this paper, we consider a configuration consisting
of several surfaces embedded in an oriented closed 4-manifold. Suppose that the
self-intersection numbers of all the surfaces are zero, and the number of the surfaces
is more than b+. The main theorem of this paper is that an adjunction-type genus
bound holds for at least one of the surfaces under certain conditions on the surfaces.
For example, although the Seiberg-Witten invariant ofmCP2#n(−CP2) (m,n ≥ 2)
vanishes for any spin c structure on it, we can derive the adjunction inequalities
for surfaces embedded in this 4-manifold under certain conditions. In addition, we
also give an alternative proof of the adjunction inequalities by Strle [24] for con-
figurations of surfaces with positive self-intersection numbers. The proofs of these
results are given by studying a b+-parameter family of Seiberg-Witten equations
obtained by stretching neighborhoods of several embedded surfaces.
The original problem to find a lower bound on genus of a single embedded sur-
face is called the minimal genus problem. (For the detailed history of the min-
imal genus problem see Lawson’s survey [11].) Classical results for the minimal
genus problem were obtained by using Rochlin’s theorem and G-signature theo-
rem. (Kervaire-Milnor [10], Rochlin [18], Hsiang-Szczarba [4].) After gauge theory
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appeared in 4-dimensional topology, it has been a strong tool to study the problem.
Kronheimer-Mrowka [7] proved the Thom conjecture, namely, the minimal genus
problem for CP2 by using the Seiberg-Witten equations. Kronheimer-Mrowka’s
lower bound on genus is an equality for algebraic curves, where it is referred to
as the adjunction formula. This type of inequality is often called the adjunction
inequality. In Kronheimer-Mrowka’s proof, they used in an essential way the fact
that the 4-manifold defined by blow-up for CP2 has a metric with positive scalar
curvature.
On the other hand, Strle [24] showed the adjunction inequality for a surface with
positive self-intersection number in a 4-manifold with b+ = 1 and b1 = 0 without
any assumption for differential geometric structure such as the existence of a metric
with positive scalar curvature. For this reason, the Thom conjecture for a general
rational homology CP2 follows as a special case of Strle’s result. Strle’s method
is to consider the moduli space of the Seiberg-Witten equations on a 4-manifold
with cylindrical ends. Recently, Dai-Ho-Li [1] derived an alternative simple proof of
Strle’s theorem in the case of b+ = 1 and b1 = 0 and sharper results in the case of
b+ = 1 and b1 > 0. Dai-Ho-Li’s method is to use the wall crossing formula for the
Seiberg-Witten invariants by considering several spin c structures for one surface.
In Strle’s paper [24], he also showed the following adjunction inequalities for
disjoint embedded surfaces with positive self-intersection numbers. Let us consider
a 4-manifold with b+ > 1 and embedded surfaces with positive self-intersection
numbers. Suppose that the surfaces are disjoint and the number of surfaces is b+.
Strle showed that the adjunction-type inequality holds for at least one of these sur-
faces. In particular, for m ≥ 2, Strle’s results can be applied to mCP2 = #mp=1CP
2
p
and its blow-up. For m ≥ 2 and n ≥ 0, note that the Seiberg-Witten invariant
of mCP2#n(−CP2) vanishes for any spin c structure on it. Thus it is impossible
to show the adjunction inequality on c by proving that the Seiberg-Witten invari-
ant with respect to the spin c structure corresponding to c is non-trivial. In fact,
Nouh [16] showed that the adjunction inequality for a single surface in 2CP2 does
not hold in general. In addition, by taking connected sum of Nouh’s surfaces and
algebraic curves, one can easily construct surfaces in mCP2#n(−CP2) which vio-
late the adjunction inequality. To our knowledge, the adjunction-type inequalities
for mCP2#n(−CP2) are only Strle’s in previous researches. (Before Strle’s work,
Gilmer [3] have considered configurations of embedded surfaces, although Gilmer’s
bounds are not adjunction-type. For a single surface, Gilmer’s bound is the one
obtained by Rochlin [18] and Hsiang-Szczarba [4].)
In this paper, we also consider several embedded surfaces without any assump-
tion for differential geometric structure. The main theorem of this paper is as fol-
lows. Suppose that the self-intersection numbers of all the given embedded surfaces
are zero, and the number of the surfaces is more than b+. Then an adjunction-type
genus bound holds for at least one of the surfaces under certain conditions on the
surfaces. The conditions are given in terms of intersection numbers with a char-
acteristic in the adjunction inequalities and their mutual geometric intersections.
These conditions are easily described for small b+, so in this paper we will first
present the adjunction inequalities for surfaces in 2CP2#n(−CP2) as a special case
of the main theorem. For surfaces in 2CP2#n(−CP2), Strle’s bound is the adjunc-
tion inequality for at least one of two disjoint surfaces with positive self intersection
numbers. On the other hand, our genus bound is the adjunction inequality for at
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least one of four surfaces with self-intersection number zero and we allow certain
geometric intersections. A generalization of this result to mCP2#n(−CP2) for any
m ≥ 2 will be also given (Corollary 2.13).
We will also give an alternative proof of the adjunction inequalities by Strle for
configurations of surfaces with positive self-intersection numbers as a corollary of
our main theorem. In the case of b+ = 1, the setting of our argument is quite
similar to that of Dai-Ho-Li: surfaces with zero self-intersection number play a
key role as in the original argument due to Kronheimer-Mrowka. One difference
between our method and Dai-Ho-Li’s is that we fix a spin c structure and consider
two surfaces while Dai-Ho-Li fix one surface and consider two spin c structures. In
the alternative proof of Strle’s adjunction inequalities in the case of b+ = 1, our
argument can be regarded as a reformulation, without using blow-up formula, of a
part of Dai-Ho-Li’s argument.
For surfaces with self-intersection number zero, if the surfaces are obtained by the
connected sum of surfaces with positive self-intersection numbers and exceptional
curves in −CP2’s, our genus bounds are equivalent to Strle’s. However, for general
surfaces, our results are wider generalizations of Strle’s, since, of course, surfaces
with self-intersection number zero cannot written as such a form of connected sum
in general.
The wall crossing phenomena for general b+ ≥ 1 play prominent roles in the proof
of the main theorem. We can grasp the wall crossing phenomena by studying the
moduli space of the Seiberg-Witten equations parametrized by a b+-dimensional
space in the space of Riemannian metrics. In other words, we consider a family
version of the Seiberg-Witten invariants studied by Li-Liu [12]. We will construct
this b+-parameter family of Riemannian metrics by stretching the neighborhoods
of surfaces embedded in a suitable configuration. This construction of the family
of Riemannian metrics is a slight generalization of one due to Frøyshov [2] used
in the context of instanton Floer homology. We will also describe positions of
metrics in relation to the wall and study a condition to grasp the wall crossing
phenomena in terms of several embedded surfaces. This “higher-dimensional” wall
crossing argument using several embedded surfaces enables us to obtain a solution
of the Seiberg-Witten equations with respect to a certain metric even when the
Seiberg-Witten invariants of the 4-manifold vanish.
The outline of this paper is as follows. In Section 2, we formulate our main theo-
rem and give its consequences. In Section 2.1, we present a special case of the main
theorem (Theorem 2.1), namely, the adjunction inequalities for configurations of
surfaces in 2CP2#n(−CP2). In this subsection, we also give the adjunction inequal-
ities for a single surface as a corollary of Theorem 2.1 (Corollary 2.5). In Section 2.2,
we formulate the most general form of our main theorem (Theorem 2.11) and give
the adjunction inequalities for a single surface in mCP2#n(−CP2) (Corollary 2.13).
In this subsection, we also give an alternative proof of Strle’s adjunction inequali-
ties. In Section 3, we prove the main theorem assuming analytical Lemma 3.2 and
Proposition 3.8. In Section 4, we give the proof of Lemma 3.2 and Proposition 3.8.
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Furuta for the numerous helpful suggestions and continuous encouragements during
this work. It is also his pleasure to thank Shinichiroh Matsuo for several useful ad-
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Figure 1. An example of a quadrilateral including the origin of R2
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2. Statement of the main theorem and its consequences
In this section, we state our main theorem and give its consequences.
2.1. Special case of the main theorem. In this subsection, as a special case of
our main theorem, we give the adjunction inequalities for embedded surfaces in the
4-manifoldX = 2CP2#n(−CP2). We will often use the identificationH2(·) ≃ H2(·)
obtained by Poincare´ duality. In this paper, we consider only surfaces which are
oriented, closed and connected.
Let us consider the 4-manifold
X = 2CP2#n(−CP2) = (#2p=1CP
2
p)#(#
n
q=1(−CP
2
q)) (n > 0).
Let Hp denote a generator of H2(CP
2
p;Z) and Eq a generator of H2(−CP
2
q;Z). For
a cohomology class c ∈ H2(X ;Z) and homology classes α1, . . . , α4 ∈ H2(X ;Z), we
define a line Li (i = 1, . . . , 4) in R
2 by
Li :=
{
(x1, x2) ∈ R
2
∣∣ (x1H1 + x2H2) · αi = c · αi } .(1)
For these lines, we will consider the condition that (parts of) lines L1, . . . , L4 form
sides of a “quadrilateral” by this order. Here we use the word “quadrilateral” in
the following sense. Let L′1, . . . , L
′
4 be four line segments in R
2. If an orientation of
L′i is given, we can define the initial point I(L
′
i) and the terminal point T (L
′
i) of L
′
i.
We call the ordered set (L′1, . . . , L
′
4) a quadrilateral when there exists an orientation
for each L′i such that T (L
′
i) = I(L
′
i+1) holds for each i ∈ Z/4. (We admit a point
as a line segment. Thus a “triangle” is also a quadrilateral in our definition.)
A special case of our main theorem is as follows. Let sign(X) = 2 − n denote
the signature of X .
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Theorem 2.1. For the 4-manifold
X = 2CP2#n(−CP2) (n > 0),
let c ∈ H2(X ;Z) be a characteristic with c2 > sign(X) and α1, . . . , α4 ∈ H2(X ;Z)
be homology classes with α2i = 0 (i = 1, . . . , 4). Let Σ1, . . . ,Σ4 ⊂ X be embedded
surfaces with [Σi] = αi. Assume that αi and c satisfy the following (A) and Σi
satisfy (B) :
(A): The lines L1, . . . , L4 form sides of a quadrilateral including the origin
of R2 by this order.
(B): Σi ∩ Σi+1 = ∅ (i ∈ Z/4).
Then, the inequality
−χ(Σi) ≥ |c · αi|
holds for at least one i ∈ {1, . . . , 4}. Here χ(Σi) is the Euler characteristic of Σi.
Theorem 2.1 is a special case of Theorem 2.11 in the next subsection and the
proof of Theorem 2.11 will be given in Section 3.
Example 2.2. Let X = 2CP2#19(−CP2), c = H1−3H2−
∑19
q=1Eq. The homology
classes
α1 := 3H1 + 3H2 −
∑3
q=1Eq +
∑10
q=4Eq + 2(E11 + E12),
α2 := −3H1 + 2H2 +
∑3
q=1Eq +
∑18
q=13Eq + 2E19
α3 := H1 +H2 + E12 − E13,
α4 := 2H1 −H2 −
∑3
q=1Eq − E13 + E14
satisfy that α2i = 0 and αi · αi+1 = 0 (i ∈ Z/4). It is easy to check that these αi
and c satisfy (A) in Theorem 2.1. (See Figure 2.)
Thus, by Theorem 2.1, for embedded surfaces Σi satisfying [Σi] = αi, if they
also satisfy that Σi ∩ Σi+1 = ∅ (i ∈ Z/4),
−χ(Σi) ≥ |c · αi|
holds for at least one i ∈ {1, . . . , 4}. This means that the genus bound
g(Σi) ≥ 2
holds for at least one i ∈ {1, . . . , 4}.
Remark 2.3. If α1, . . . , α4 and c satisfy (A) in Theorem 2.1, for any non-zero inte-
ger m, the homology classes mα1, . . . ,mα4 and c obviously satisfy (A). Thus, for
α1, . . . , α4 in Example 2.2 and embedded surfaces Σi satisfying [Σi] = mαi and
Σi ∩Σi+1 = ∅ (i ∈ Z/4), we can show that
g(Σi) ≥ |m|+ 1
holds for at least one i ∈ {1, . . . , 4} by Theorem 2.1.
Remark 2.4. Note that the Seiberg-Witten invariant of 2CP2#n(−CP2) (n ≥ 0)
vanishes for any spin c structure. Thus, for any characteristic c on 2CP2#n(−CP2),
it is impossible to derive the adjunction inequality for c by proving that the Seiberg-
Witten invariant with respect to the spin c structure corresponding to c is non-
trivial. In fact, for a single surface in 2CP2, Nouh [16] showed that the adjunction
inequality on c = 3H1 + 3H2 does not hold in general. (In addition, by using
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Figure 2. L1, . . . , L4 in Example 2.2
blow-up, we can construct surfaces in 2CP2#n(−CP2) which violate the adjunction
inequality on c = 3H1 + 3H2 −
∑n
q=1 Eq.) To our knowledge, the adjunction-type
inequalities for 2CP2#n(−CP2) is only Strle’s [24] in previous researches. For such
4-manifold, Strle’s genus bound is the adjunction inequality for at least one of
two disjoint surfaces with positive self-intersection numbers. On the other hand,
Theorem 2.1 is the adjunction inequality for at least one of four surfaces with self-
intersection number zero and we allow certain geometric intersections. In fact, any
geometric intersections of Σ1 and Σ3, Σ2 and Σ4 are allowed in Theorem 2.1.
The same remarks can be said for the general version of our main theorem
(Theorem 2.11) and its consequence (Corollary 2.13) which gives certain adjunction-
type inequalities for mCP2#n(−CP2) (m,n ≥ 2). In addition, we can give an
alternative proof of Strle’s result from the general version of our main theorem
(Corollary 2.15).
Under certain assumptions on geometric intersections with embedded surfaces
violating the adjunction inequalities, we can derive the adjunction inequality for a
single surface. (This will be generalized to the adjunction inequality for a single
surface in mCP2#nCP2 (m,n ≥ 2) in Corollary 2.13). Before starting to state it,
we mention an easy method to make surfaces with small genera. For a homology
class β = aH2 +
∑n
q=1 bqEq ∈ H2(CP
2
2#n(−CP
2);Z), considering algebraic curves
C ⊂ CP22 and Cq ⊂ CP
2
q and reversing orientations of them if we need, we can easily
construct the surface S ⊂ CP22#n(−CP
2) by
S := C#(#nq=1Cq)(2)
satisfing
[S] = β, g(S) =
(|a| − 1)(|a| − 2)
2
+
n∑
q=1
(|bq| − 1)(|bq| − 2)
2
.
For example, for the characteristic H2 −
∑n
q=1 Eq, such naive construction is suf-
ficient to give many examples of surfaces which violate the adjunction inequality.
In the following Corollary 2.5, we give the adjunction inequality for a single sur-
face. The above construction will produce many examples of surfaces satisfying the
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Corollary 2.5. For the 4-manifold
X = 2CP2#n(−CP2) (n > 0),
let c ∈ H2(X ;Z) be a characteristic with c2 > sign(X) and c · H1 > −3. Let
α ∈ H2(X ;Z) be a homology class with α2 = 0 and assume that
(H1 · α)(c · α) < 0.
Let βi ∈ H2(CP
2
2#n(−CP
2);Z) (i = 1, 2) be homology classes with β2i = 0 and
Si ⊂ CP
2
2#n(−CP
2) \ (disk) ⊂ X be surfaces with [Si] = βi. Assume that
H2 · βi > 0, (−1)
i−1c · βi > 0, −χ(Si) < |c · βi|.
Then, for an embedded surface Σ ⊂ X satisfying [Σ] = α and Σ∩ Si = ∅ (i = 1, 2),
the inequality
−χ(Σ) ≥ |c · α|
holds.
Proof of Corollary 2.5. Let m := |c ·H1|+ 1 and
X ′ := X#m2(−CP2) = X#(#n+m
2
q=n+1(−CP
2
q)), c
′ := c−
n+m2∑
q=n+1
Eq.
For the homology class γ := mH1 +
∑n+m2
q=n+1Eq, we obtain
c′ · γ = mc ·H1 +m
2 = (|c ·H1|+ 1)c ·H1 + (|c ·H1|+ 1)
2 > 0.
Let S ⊂ CP21#(#
n+m2
q=n+1(−CP
2
q)) \ (disk) ⊂ X
′ be a surface with [S] = γ obtained
as (2). Note that S ∩ Si = ∅ (i = 1, 2) hold. Since we have
|c′ · γ|+ 2 = mc ·H1 +m
2 + 2 > m2 − 3m+ 2 = 2g(S),
the surface S violates the adjunction inequality
−χ(S) ≥ |c′ · γ|.
Similarly, the surfaces Si (i = 1, 2) also violate the adjunction inequalities
−χ(Si) ≥ |c
′ · βi|
by our assumptions.
Let regard
X ′, c′, α, β1, γ, β2
as
X, c, α1, α2, α3, α4
in Theorem 2.1. Then it is easy to see that they satisfy (A) in Theorem 2.1. (See
Figure 3.) If Σ ∩ Si = ∅ (i = 1, 2) hold, the surfaces Σ, S1, S and S2 satisfy (B) in
Theorem 2.1. Thus we can derive the conclusion by Theorem 2.1. 
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Figure 3. Proof of Corollary 2.5
Example 2.6. Let us give natural numbers d1 ≥ 4, d2 ≥ 1, d3 ≥ 2 and n ≥
d21 +max{d
2
2, d
2
3}. For X = 2CP
2#n(−CP2), let us consider the homology classes
α := d1H1 −
d21∑
q=1
Eq,
β1 := d2H2 +
d21+d
2
2∑
q=d21+1
Eq,
β2 := d3H2 −
d21+d
2
3∑
q=d21+1
Eq.
Let Si ⊂ CP
2
2#n(−CP
2) \ (disk) ⊂ X be surfaces with [Si] = βi obtained as (2).
For the characteristic c = 3H1 + H2 −
∑n
q=1 Eq, it is easy to see that α, βi and
c satisfy the assumptions of Corollary 2.5. Thus, for an embedded surface Σ ⊂ X
satisfying [Σ] = α and Σ ∩ Si = ∅ (i = 1, 2), we have
g(Σ) ≥
(d1 − 1)(d1 − 2)
2
(3)
by Corollary 2.5.
By the adjunction formula for CP21#n(−CP
2), the homology class α can be
represented by a surface Σ of genus (d1 − 1)(d1 − 2)/2 satisfying Σ ∩ Si = ∅. Thus
the inequality (3) is the optimal bound under the condition Σ ∩ Si = ∅.
Example 2.7. Let give natural numbers d1 ≥ 1, d2 ≥ 0, d3, d4 ≥ 2 and n satisfying
d3 ≥ d4 ≥ max{d2, 2}, d
2
1 + d
2
2 − 2d2d3 − 3d1 − d2 > 0,
n ≥ d21 + d
2
2 + d
2
3 + d
2
4 − d2d3 − d2d4.
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For X = 2CP2#n(−CP2), let us consider the homology classes
α := d1H1 + d2H2 +
d2d3∑
q=1
Eq −
d23+d2d4∑
q=d23+1
Eq −
d21+d
2
2+d
2
3+d
2
4−d2d3−d2d4∑
q=d23+d
2
4+1
Eq,
β1 := d3H2 +
d23∑
q=1
Eq,
β2 := d4H2 −
d23+d
2
4∑
q=d23+1
Eq.
Let Si ⊂ CP
2
2#n(−CP
2) \ (disk) ⊂ X be surfaces with [Si] = βi obtained as (2).
For the characteristic c = 3H1 +H2 −
∑n
q=1 Eq, it is easy to check that α, βi and
c satisfy the assumptions of Corollary 2.5. Thus, for an embedded surface Σ ⊂ X
satisfying [Σ] = α and Σ ∩ Si = ∅ (i = 1, 2), we have
g(Σ) ≥
(d1 − 1)(d1 − 2)
2
+
d2
2
(d2 − 2d3 − 1)(4)
by Corollary 2.5.
If d2 = 0, this example is quite similar to Example 2.6. Thus, by the same way in
Example 2.6, the bound (4) is optimal under the condition Σ∩Si = ∅ (i = 1, 2) in the
case of d2 = 0. However, for d2 > 0, we have no answer to this realization problem:
What kinds of d1, . . . , d4 does there exist an embedded surface Σ ⊂ Xsatisfying
g(Σ) =
(d1 − 1)(d1 − 2)
2
+
d2
2
(d2 − 2d3 − 1)
and Σ ∩ Si = ∅ (i = 1, 2) for?
In the same way, one can produce a lot of new realization problems from Corol-
lary 2.5.
2.2. General form of the main theorem. In this subsection, we formulate the
most general form of our main theorem and give the adjunction inequality for a
single surface in mCP2#n(−CP2). We also give an alternative proof of Strle’s
adjunction inequalities.
We first describe a certain condition on embedded surfaces and a cohomology
class which is a generalization of the conditions (A) and (B) in Theorem 2.1. Let
X be an oriented closed smooth 4-manifold, Σ1, . . . ,Σk ⊂ X be embedded surfaces
with zero self-intersection number, and c ∈ H2(X ;Z) be a cohomology class on X .
Set αi = [Σi] and assume that c · αi 6= 0 holds for each i = 1, . . . , k. The set
S := { I ⊂ {1, . . . , k} | I 6= ∅, {Σi}i∈I are disjoint. }
has a structure of an abstract simplicial complex. Consider the vector space
V := Rv1 ⊕ · · · ⊕ Rvk
generated by the vertices v1 = {1}, . . . , vk = {k} of the simplicial complex. We
denote by P ⊂ V∗ = Hom(V ,R) the set
P :=
{
ϕ ∈ V∗
∣∣∣∣ 〈ϕ, vi〉 ≥ 0 (1 ≤ i ≤ k),{ i ∈ {1, . . . , k} | 〈ϕ, vi〉 > 0 } ∈ S ∪ {∅}
}
.
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(P will be used as a “parameter space” when we consider a family of metrics of X
in the proof of the main theorem.) Let Q be the intersection form of X . We denote
b+ = b+(X) the maximal dimension of positive definite subspace with respect to Q.
Fix a b+-dimensional positive definite (with respect toQ) subspace V + ⊂ H2(X ;R).
We denote by V − the orthogonal complement of V + with respect to Q. Note that
V − is a negative definite subspace. Let pV + : H
2(X ;R) = V + ⊕ V − → V + be the
projection. For each αi, we define the hyperplane Hypαi in (V
+)∗ = Hom(V +,R)
by
Hypαi :=
{
f ∈ Hom(V +,R)
∣∣ f(pV +(αi)) = c · αi } .
(In the case of X = 2CP2#n(−CP2), this hyperplane Hypαi corresponds to the line
Li defined as (1).) Note that 0 /∈ Hypαi since c · αi 6= 0.
For a continuous map F : P → (V +)∗, if there exist positive numbers Ri > 0
such that
F ({ϕ ∈ P | 〈ϕ, vi〉 ≥ Ri}) ⊂ Hypαi ,(5)
then there exists a compact subset K ⊂ P such that F (P \ K) ⊂ (V +)∗ \ {0} since
0 /∈ Hypαi . Thus a continuous map F : P → (V
+)∗ satisfying (5) induces
F ∗ : H∗((V +)∗, (V +)∗ \ {0};Z)→ H∗(P ,P \ K;Z).
Then we obtain the map
F ∗cpt : H
b+((V +)∗, (V +)∗ \ {0};Z)→ Hb
+
c (P ;Z)
by the composition of F ∗ and the natural map Hb
+
(P ,P \ K;Z) → Hb
+
c (P ;Z),
where H∗c (·) means the cohomology with compact supports.
Here we consider a condition for Σ1, . . . ,Σk and c. In our main theorem, we will
assume that Σ1, . . . ,Σk and c satisfy the following Condition 1 consisting of two
conditions.
Condition 1. 1
(i): There exists a continuous map Rb
+
→ P which induces an isomorphism
Hb
+
c (P ;Z) ≃ H
b+
c (R
b+ ;Z) (≃ Z).
(ii): If a continuous map F : P → (V +)∗ satisfies (5) for sufficiently large
positive numbers Ri > 0 (1 ≤ i ≤ k), then the mapping degree of F : P →
(V +)∗ is not zero, i.e., F ∗cpt is a non-trivial map.
Remark 2.8. Here we give a description of Hypαi in Condition 1 when we use a
basis of V +. Let u1, . . . , ub+ be a basis of V
+. We define ai,j ∈ R as pV +(αi) =∑b+
j=1 ai,juj . For each i, consider the hyperplane
Hypuαi :=

 (x1, . . . , xb+) ∈ Rb
+
∣∣∣∣∣∣
b+∑
j=1
ai,jxj = c · αi


in Rb
+
. This corresponds to Hypαi in Condition 1.
Remark 2.9. Here we explain that Condition 1 is a generalization of the combination
of the conditions (A) and (B) in Theorem 2.1. In the situations of Theorem 2.1, P
is homeomorphic to R2. Using H1, H2 as u1, u2 in Remark 2.8, Hypαi corresponds
to the line Li. Let assume that Σi’s and c satisfy the conditions (A). Suppose that
a map F : P → (V +)∗ satisfies (5) for sufficiently large positive numbers Ri > 0.
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Then F maps a large sphere S(R2) ≃ S1 in R2(≃ P) on a small neighborhood of
the quadrilateral consisting of Li’s with degree ±1. This means the mapping degree
of F : P → (V +)∗ is equal to ±1. Thus (ii) in Condition 1 is a generalization of
the condition (A).
Remark 2.10. If we take another b+-dimensional positive definite subspace W+ ⊂
H2(X ;R) instead of V +, then Σ1, . . . ,Σk and c satisfy Condition 1 if and only if
the corresponding condition for W+ holds. (Indeed, two b+-dimensional positive
definite subspaces can be connected by an isotopy in H2(X ;R), and Condition 1
is the statement for only mapping degree, so the claim follows from the homotopy
invariance of mapping degree.)
The following theorem is the most general form of the main theorem.
Theorem 2.11. Let X be an oriented closed smooth 4-manifold with b1(X) = 0, c ∈
H2(X ;Z) be a characteristic with c2 > sign(X), and α1, . . . , αk ∈ H2(X ;Z) (k >
b+(X)) be homology classes with
α2i = 0, c · αi 6= 0 (i = 1, . . . , k).
For embedded surfaces Σ1, . . . ,Σk ⊂ X with [Σi] = αi (1 ≤ i ≤ k), assume that
Σ1, . . . ,Σk and c satisfy Condition 1. Then the inequality
−χ(Σi) ≥ |c · αi|(6)
holds for at least one i ∈ {1, . . . , k}.
The proof of Theorem 2.11 will be given in Section 3. From Remark 2.9, Theo-
rem 2.11 is a generalization of Theorem 2.1.
Remark 2.12. One can eliminate the assumption b1(X) = 0 in the statement of
Theorem 2.11 by surgeries along generators of H1(X ;Z). In fact, we can assume
that loops which represents generators of H1(X ;Z) do not intersects with Σi’s by
moving the loops along the fiber of the normal bundles of Σi’s.
For simplicity, we only consider the case of b1(X) = 0 in this paper.
From Theorem 2.11, we can obtain the adjunction inequalities formCP2#n(−CP2)
(m,n ≥ 2) under certain assumptions on geometric intersections. Let m ≥ 2, np ≥
1 (p = 1, . . . ,m) and n =
∑m
p=1 np. For the 4-manifold X = mCP
2#n(−CP2), we
write X = #mp=1Xp, where
Xp = CP
2
p#np(−CP
2) = CP2p#(#
np
q=1(−CP
2
p,q)).
Let Hp denote a generator of H2(CP
2
p;Z).
Corollary 2.13. For the 4-manifold
X = mCP2#n(−CP2) (m,n ≥ 2),
let c ∈ H2(X ;Z) be a characteristic with c2 > sign(X) and c · H1 > −3. Let
α ∈ H2(X ;Z) be a homology class with α2 = 0 and assume that
(H1 · α)(c · α) < 0.
Let βp,i ∈ H2(Xp;Z) (p = 2, . . . ,m, i = 1, 2) be homology classes with β2p,i = 0 and
Sp,i ⊂ Xp \ (disk) ⊂ X be surfaces with [Sp,i] = βp,i. Assume that
Hp · βp,i > 0, (−1)
i−1c · βp,i > 0, −χ(Sp,i) < |c · βp,i|.
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Then, for an embedded surface Σ ⊂ X satisfying [Σ] = α and Σ ∩ Sp,i = ∅ (p =
2, . . . ,m, i = 1, 2), the inequality
−χ(Σ) ≥ |c · α|
holds.
Proof of Corollary 2.13. Recall the arguments in the proof of Corollary 2.5. We
have P ≃ Rm in this case and we consider the (m − 1)-dimensional “polytope”
instead of the quadrilateral in § 2. We can obtain γ as in the proof of Corollary 2.5.
By the same argument in Remark 2.9, it is enough to show that the “polytope”
obtained from α, βp,i’s and γ is a bounded “polytope” including the origin of R
m
in its interior. Then the proof is definitely similar to the proof of Corollary 2.5. 
Here we give a generalization of Example 2.6. Let Ep,q denote a generator of
H2(−CP
2
p,q;Z).
Example 2.14. Let give natural numbers m ≥ 2, d1 ≥ 4, n1 ≥ d21 and
dp,2 ≥ 1, dp,3 ≥ 2, np ≥ max{d
2
p,2, d
2
p,3} (p = 2, . . . ,m).
Put n =
∑m
p=1 np. For X = mCP
2#n(−CP2), let us consider the homology classes
α := d1H1 −
d21∑
q=1
E1,q,
βp,1 := dp,2Hp +
d2p,2∑
q=1
Ep,q (p = 2, . . . ,m),
βp,2 := dp,3Hp −
d2p,3∑
q=1
Ep,q (p = 2, . . . ,m).
For p = 2, . . . ,m and i = 1, 2, let Sp,i ⊂ Xp\(disk) ⊂ X be surfaces with [Sp,i] = βp,i
obtained as (2). For the characteristic c = 3H1 +
∑m
p=2Hp −
∑m
p=1
∑n
q=1 Ep,q, it
is easy to see that α, βp,i and c satisfy the assumptions of Corollary 2.5. Thus, for
an embedded surface Σ ⊂ X satisfying [Σ] = α and Σ∩Sp,i = ∅ (p = 2, . . . ,m, i =
1, 2), we have
g(Σ) ≥
(d1 − 1)(d1 − 2)
2
(7)
by Corollary 2.13.
In the same way in Example 2.6, the inequality (7) is the optimal bound under
the condition Σ ∩ Sp,i = ∅ (p = 2, . . . ,m, i = 1, 2).
In Strle [24], he showed that the adjunction inequality holds for at least one of
disjoint b+ surfaces with positive self-intersection numbers. On the other hand,
Dai-Ho-Li [1] derived an alternative simple proof of Strle’s theorem in the case of
b+ = 1. Here we give an alternative proof of Strle’s adjunction inequality for any
b+.
Corollary 2.15. (Strle [24] Theorem A, Theorem B. See also Dai-Ho-Li [1] The-
orem 1.4.) For a surface Σ, put
χ−(Σ) := max{−χ(Σ), 0}.
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Let X be an oriented closed smooth 4-manifold with b1(X) = 0 and c ∈ H2(X ;Z)
be a characteristic with c2 > sign(X).
(A): In the case of b+(X) = 1, let α ∈ H2(X ;Z) be a homology class with
α2 > 0 and Σ ⊂ X be an embedded surface with [Σ] = α. Then the
inequality
χ−(Σ) ≥ −|c · α|+ α2(8)
holds.
(B): In the case of b+(X) > 1, let α1, . . . , αb+ ∈ H2(X ;Z) be homology classes
with α2i > 0 (1 ≤ i ≤ b
+) and Σ1, . . . ,Σb+ ⊂ X be embedded surfaces with
[Σi] = αi. Assume that Σ1, . . . ,Σb+ are disjoint. Then the inequality
χ−(Σi) ≥ −|c · αi|+ α
2
i(9)
holds for at least one i ∈ {1, . . . , b+}.
Remark 2.16. Strle [24] and Dai-Ho-Li [1] showed that, when g(Σ) = 0, a sharper
result
−2 = −χ(Σ) ≥ −|c · α|+ α2
holds. Dai-Ho-Li used results in Morgan-Szabo´-Taubes [13] to treat this case.
Proof of Corollary 2.15. The claim (A) can be regarded as a special case of (B)
by putting α = α1 and Σ = Σ1, so we prove only (B). Let ni := α
2
i (> 0). We may
assume that |c · αi| < ni holds for any i = 1, . . . , n. Let X ′ be
X ′ := X#n1(−CP
2)# · · ·#nb+(−CP
2)
and write
ni(−CP
2) = #niq=1(−CP
2
i,q).
Let Ei,q be a generator of H
2(−CP2i,q;Z). Set E
i := Ei,1 + · · · + Ei,ni and c
′ :=
c−
∑b+
i=1E
i ∈ H2(X ′;Z).
For each i, let us denote by Σ±i ⊂ X
′ for Σ±i := Σi#niCP
1, where the orientation
of the connected sum is taken as
α±i := [Σ
±
i ] = αi ± E
i.
For all i
c′ · α+i = c · αi + ni > 0, c
′ · α−i = c · αi − ni < 0(10)
hold since we assumed that |c · αi| < ni. Note that the self-intersection number of
any Σ±i is zero.
Let take a b+-dimensional positive definite subspace
V + := span { α1, . . . , αb+ } ⊂ H
2(X ;R)
and fix u1 = α1, . . . , ub+ = αb+ as a basis of V
+. Then
pV +(α
±
i ) = αi (i = 1, . . . , b
+)
holds for the projection pV + : H
2(X ;R) = V + ⊕ V − → V +. Dividing Rb
+
by the
hyperplane
Hypu
α±
i
=
{
(t1, . . . , ti−1, c
′ · α±i , ti+1, . . . , tb+)
∣∣ t1, . . . , ti−1, ti+1, . . . , tb+ ∈ R } ,
14 HOKUTO KONNO
we have two half spaces ; we denote by Halfα±
i
the half space which includes the
origin of Rb
+
. Then by (10), the polytope
P =
⋂
1≤i≤b+,
ǫi∈{+,−}
Halfuαǫi
i
is a cuboid including the origin of Rb
+
in its interior.
On the other hand, if j1 6= j2, we have Σ
ǫj1
j1
∩ Σ
ǫj2
j2
= ∅ for all ǫj1 , ǫj2 ∈ {+,−}.
Thus, for the simplicial complex S obtained by Σ±1 , . . . ,Σ
±
b+ , we have an isomo-
prhism
S ≃
{ {
Σǫ1j1 , . . . ,Σ
ǫi
ji
} ∣∣ 1 ≤ i ≤ b+, ǫ1, . . . , ǫi ∈ {+,−}, j1, . . . , ji are distinct. }
as simplicial complexes. Thus P is homeomorphic to Rb
+
. Let v±i (1 ≤ i ≤ b
+)
denote the vertices of S. Then, for large numbers Ri > 0 (1 ≤ i ≤ b+), the space⋂
1≤i≤b+,
ǫi∈{+,−}
{ϕ ∈ P | 〈ϕ, vǫii 〉 < Ri}
naturally has a structure of polytope and is not only homeomorphic but also equiv-
alent to the cuboid P as simplicial complexes. Therefore it is easy to see that
Σ±1 , . . . ,Σ
±
b+ and c
′ satisfy Condition 1. Thus we can apply Theorem 2.11, then the
inequality corresponding (6) holds for at least one of Σ±1 , . . . ,Σ
±
b+ . If the inequality
holds for Σ+i , we have
χ−(Σi) ≥ c · αi + α
2
i ,
and if the inequality holds for Σ−i , we have
χ−(Σi) ≥ −c · αi + α
2
i .
Hence in both cases, we have (9) for i. 
3. Proof of the main theorem
In this section, we prove Theorem 2.11 assuming Lemma 3.2 and Proposition 3.8
which will be shown in the next section.
Let X,α1, . . . , αk,Σ1, . . . ,Σk and c be the one in the statement of Theorem 2.11.
The key to the proof is to construct a family of metrics of X by stretching the
neighborhood of surfaces Σ1, . . . ,Σk and to describe positions of metrics in relation
to the wall in terms of several embedded surfaces. This construction of the family
of metrics is a slight generalization of one due to Frøyshov [2] used in the context
of instanton Floer homology.
We define a continuous injection ι : P → Met(X) as follows, where Met(X) is
the space of Riemannian metrics on X .
Fix a metric g0 on X . For each surface Σi, let us consider the normal bundle
νi → Σi. We identify the total space νi with a neighborhood of Σi in X . For the
sphere bundle S(νi), there exists a neighborhood Ui in X which is diffeomorphic
to [0, 1] × S1 × Σi. By taking sufficiently small neighborhood, we may assume
that Ui ∩ Uj = ∅ if Σi ∩ Σj = ∅. We write Vi for the neighborhood of Σi which
corresponds to [1/3, 2/3]× S1 × Σi via the diffeomorphism Ui ≃ [0, 1] × S1 × Σi.
For ϕ ∈ P , let S (ϕ) denote the set
{ i ∈ {1, . . . , k} | 〈ϕ, vi〉 > 0 } ∈ S ∪ {∅}.
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(1) In the case of S (ϕ) = ∅, we define ι(ϕ) = g0.
(2) In the case of S (ϕ) 6= ∅, recall that {Σi}i∈S (ϕ) are disjoint. For each
i ∈ S (ϕ), we will give the following metric ι(ϕ;Ui) on Ui, and we define
ι(ϕ) as the metric on X obtained by gluing ι(ϕ;Ui) and g0|X\
∐
i∈S (ϕ) Vi
by
a partition of unity.
(a) When 〈ϕ, vi〉 ≤ 1, connect g0|Ui and the product metric g[0,1]×S1×Σi
on Ui by a line, and let ι(ϕ;Ui) be the metric on Ui in the time of
〈ϕ, vi〉 in the line.
(b) When 〈ϕ, vi〉 ≥ 1, let ι(ϕ;Ui) be the metric obtained by 〈ϕ, vi〉-scalar
expansion for [0, 1]-direction of the product metric g[0,1]×S1×Σi on Ui.
Here we use a common partition of unity in (2) for any ϕ. Then ι is a continuous
map. For i ∈ S (ϕ), when 〈ϕ, vi〉 ≥ 1, we call the metric ι(ϕ) “the metric stretched
in the neighborhood of Σi by the length 〈ϕ, vi〉”.
Remark 3.1. If we consider only genus bounds for embedded surfaces, without loss
of generality, we may assume that all surfaces intersect transversely by a defor-
mation using an isotopy which keeps surfaces which are originally disjoint being
disjoint. Under the assumption, if Σi ∩ Σj 6= ∅, one can obtain a metric which is
the product metric around both Σi and Σj by taking the metric around each inter-
section point p ∈ Σi∩Σj as Σi and Σj intersect orthogonally. If we choose the initial
metric g0 so that it is the product metric around the neighborhoods of all surfaces
by this construction, we can define the continuous injection ι : P → Met(X) in the
following simple way:
For ϕ ∈ P ,
(1) In the case of S (ϕ) = ∅, we define ι(ϕ) = g0.
(2) In the case of S (ϕ) 6= ∅, let ι(ϕ) be the metric stretched in the neighbor-
hood of each Σi by the length 〈ϕ, vi〉 from the initial metric g0.
For a metric g on X , let H g(X) and H +g (X) be the space of harmonic 2-
forms and the space of harmonic self-dual 2-forms respectively. Let us denote by
hg : H
2(X ;R) → H g(X) for the isomorphism defined by Hodge theory . We
wirte ϕg : H
+g (X) → V + for the composition of the isomorphism h−1g |H +g (X) :
H +g (X)→ H2(X ;R) and the projection pV + : H
2(X ;R) = V +⊕V − → V +. Note
that ϕg : H
+g(X)→ V + is a linear isomorphism since Kerϕg ≃ V + ∩ Ker pV + =
V + ∩ V − = {0}. We define a Euclidean metric on H2(X ;R) = V + ⊕ V − by the
intersection on V + and −1 times intersection on V −.
The following lemma will be proved in the next section.
Lemma 3.2. Let l > 1 and Σ1, . . . ,Σl ⊂ X be disjoint surfaces with zero self-
intersection number. For a metric g on X, we write
ωig := ϕ
−1
g (pV +(αi)) ∈ H
+g(X) (1 ≤ i ≤ l).(11)
For any positive numbers R1, . . . , Rl > 0,
|αi − [ω
i
g(R1,...,Rl)
]|4 ≤
C ·Area(Σi)
Area([0, Ri]× S1)
(1 ≤ i ≤ l)(12)
hold for any metric g(R1,...,Rl) on X stretched in the neighborhood of Σi by the length
Ri from the initial metric g0. (Here it is not necessary that g(R1,...,Rl) coincides
with the initial metric g0 on the complement of the neighborhoods of Σ1, . . . ,Σl.)
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Therefore for each i we have
lim
Ri→∞
[ωig(R1,...,Rl)
] = αi,
where the limit is uniform with respect to R1, . . . , Ri−1, Ri+1, . . . , Rl.
Let p+g : H
g(X) → H +g (X) be the projection to the self-dual part with
respect to a metric g. We write p+g (c) for p+g(hg(c)). Let F : P → (V
+)∗ be the
composition of ι : P → Met(X) and
Met(X)→ (V +)∗ ; g 7→ (v 7→ [p+g (c)] · [ϕ
−1
g (v)] = c · [ϕ
−1
g (v)]),(13)
In the proof of the following lemma, we use Condition 1.
Lemma 3.3. Assume that Σ1, . . . ,Σk and c satisfy Condition 1. Then there exists
a compact subset K ⊂ P such that F(P \ K) ⊂ (V +)∗ \ {0}. (Hence we can
define the mapping degree of F : P → (V +)∗.) Moreover, the mapping degree of
F : P → (V +)∗ is not zero.
Proof. For each metric g, we define ωig ∈ H
+g (X) (1 ≤ i ≤ k) by (11). The image
of g by (13) belongs to the set{
f ∈ Hom(V +,R) = (V +)∗
∣∣ f(pV +(αi)) = c · [ωig] (i = 1, . . . , k) } .(14)
For any positive number ǫ > 0, let take sufficiently large Ri > 0 for each Σi. Then,
by Lemma 3.2, (14) is contained in the ǫ-neighborhood of HypΣi if g is a metric
g(∗,...,∗,Ri,∗,...,∗) stretched in the neighborhood of Σi by the length more than Ri.
(Here the neighborhoods of other surfaces can be stretched and not stretched.)
Thus there exists a compact subset K ⊂ P such that F(P \ K) ⊂ (V +)∗ \ {0}
and F : P → (V +)∗ can be approximated by a continuous map F : P → (V +)∗
satisfying (5). Hence the lemma follows from Condition 1. 
We now discuss “wall crossing phenomena” for the moduli space of a family
of Seiberg-Witten equations. Family version of the Seiberg-Witten invariants is
studied in Li-Liu [12]. The proofs of the following Lemma 3.4 and Proposition 3.6
give a proof of non-triviality of a family version of the Seiberg-Witten invariant for
a chamber.
We first consider S1-equivariant and family version of Ruan’s virtual neighbor-
hood technique in [19]. Let T be a paracompact Hausdorff space and Ψ : T →
Met(X) be a continuous map. For each t ∈ T , we set
H
+t :=H +Ψ(t) ,
(CR)t :=Ker(d
∗ : L2k(iΛ
1,Ψ(t))→ L2k−1(iΛ
0,Ψ(t))),
(CC)t :=L
2
k(S
+,Ψ(t)),
Ct :=(CR)t × (CC)t,
(HR)t :=L
2
k−1(iΛ
+t ,Ψ(t)),
(HC)t :=L
2
k−1(S
−,Ψ(t)),
Ht :=(HR)t × (HC)t.
Here L2k(·,Ψ(t)) (k ≥ 2) is the space defined by L
2
k-norm with respect to the metric
Ψ(t), Λp = ΛpT ∗X , Λ+ is the self-dual part of Λ2, and S± are the spinor bundles
for the spin c structure corresponding to c. For each t ∈ T , the map corresponding
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to the Seiberg-Witten equations with respect to the metric Ψ(t) reduces to the
S1 = U(1)-equivariant map
st : Ct → Ht ; (a,Φ) 7→ (F
+t
A0+a
− σ(Φ), Dt,A0+aΦ).
Here A0 is a fixed reference connection on the determinant line bundle for the spin
c structure, F+tA0+a is the self-dual part of the curvature of a connection A0+a with
respect to the metric Ψ(t), and Dt,A0+a is the Dirac operator with respect to the
connection A0 + a and the metric Ψ(t). σ(·) is the quadratic form
σ(Φ) = Φ⊗ Φ∗ −
|Φ|2
2
id.
st is a non-linear Fredholm map and the index satisfies ind st = d(c)+1, where d(c)
is the formal dimension of the Seiberg-Witten moduli space for the spin c structure.
We write C =
⊔
t∈T Ct, CR =
⊔
t∈T (CR)t · · · , s = {st}t∈T .
Using Ψ, we obtain the vector bundle H + → T by pull-back of the vector bundle
H
+ =
⊔
g∈Met(X)
H
+g(X)→ Met(X)
on Met(X). Here we fix a homology orientation of X . Then the vector bundle
H + → T is oriented. For each t ∈ T , the affine map
(CR)t ×H
+t → (HR)t ; (a, α) 7→ F
+t
A0+a
+ α
is bijective. (To prove that this map is injective, we have to assume b1(X) = 0.)
We write ((a0)t, (α0)t) for the unique zero point of this bijective affine map. This
gives a section
fH + : T → H
+ ; t 7→ (α0)t
for the vector bundle H + → T . Let ht(·) be the harmonic part with respect to
the metric Ψ(t). Since the Hodge decomposition FA0+a = ht(FA0+a) + dbt (bt ∈
L2k(iΛ
1,Ψ(t))), we have F+tA0+a = −2πi · p+t(c) + d
+tbt. Hence
(α0)t − 2πi · p+t(c) = d
+tbt ∈ H
+t ∩ Im d+ = {0}.
holds. Thus we obtain
fH +(t) = 2πi · p+gt (c).(15)
We can define the relative Euler class
e(H + → T, fH +) ∈ H
b+(T, T \ f−1
H +
(0);Z)
by taking pull-back of the Thom class of the vector bundle H + → T using the
section fH + . Here we consider the following condition for T and Ψ.
Condition 2. The zero sets s−1(0) and f−1
H +
(0) are compact. In addition, for a
subset T ′ ⊂ T , fH + is nowhere vanishing on T
′, and on T ′ the parametrized moduli
space s−1(0)|T ′ =
⊔
t∈T ′ s
−1
t (0) is empty. (We also treat the case of T
′ = ∅.)
Under the assumption that T and Ψ satisfy Condition 2, we now construct the
S1-equivariant and family version of Ruan’s virtual neighborhood. Since s−1(0) is
compact, there exist the following five data
(1) natural numbers n = n1 + · · ·+ nk, m = m1 + · · ·+ml (ni, mj ≥ 0),
(2) tR,i, tC,j ∈ T (1 ≤ i ≤ k, 1 ≤ j ≤ l),
(3) real linear maps φR,i : R
ni → HtR,i (1 ≤ i ≤ k),
(4) complex linear maps φC,j : C
mj → (HC)tC,j (1 ≤ j ≤ l),
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(5) partitions of unity {ρR,i}, {ρC,j} subordinated to a finite open covering of
s−1(0)
such that the differential along the fiber for (C ×T H +) × Rn × Cm → T of the
section
s+ ϕ : (C ×T H
+)× Rn × Cm →
(
(C ×T H
+)× Rn × Cm
)
×T H
for the Hilbert bundle is surjective at its zero points for each t ∈ T , where ϕ is
defined by
ϕ : (C ×T H
+)× Rn × Cm → H ;
(x, α, v, w) = (x, α, (v1, . . . , vk), (w1, . . . , wl))
7→ α+
k∑
i=1
ρR,i(x)φR,i(vi) +
l∑
j=1
ρC,j(x)φC,j(wj).
Here we can take ϕ being S1-equivarinat and the partition of unity {ρR,i} vanishing
on the S1-invarinat set CS
1
. Since the condition that a map is surjective is an open
condition, there exists a neighborhood N of C × {0} × {0} × {0} in (C ×T H +)×
Rn × Cm such that the differential of s+ ϕ along the fiber is surjective on
U := (s+ ϕ)−1(0) ∩N .
Ut = (st+ϕt)−1(0)∩N is an (ind st+ b++n+2m)-dimensional manifold for each
t ∈ T . The S1-invariant set US
1
is the form of
US
1
=
⊔
t∈T
Ut
S1 =
⊔
t∈T
{((a0)t, 0, (α0)t)} × U × {0} ≃
⊔
t∈T
{((a0)t, (α0)t)} × U,
where U is a small neighborhood of the origin in Rn. Take an S1-invariant neighbor-
hood N (US
1
) of US
1
. Write the projection by π : C×T H
+×Rn×Cm → Rn×Cm.
The section
f : U \ N (US
1
)→ E
for the vector bundle
E :=
(
U \ N (US
1
)
)
×T H
+ × Rn × Cm → U \ N (US
1
)
is obtained by considering for each t ∈ T(
U \ N (US
1
)
)
t
→ H +t × Rn × Cm ; x 7→ ((α0)t, π(x)).
For each t, we identify the normal bundle νt → (US
1
)t with a tubular neighbor-
hood of (US
1
)t. Set ν :=
⊔
t∈T νt, S(ν) :=
⊔
t∈T S(νt), where S(νt) is the sphere
bundle of νt. Then
∂
(
U \ N (US
1
)
)
= S(ν)
holds. By the identification
ν ≃
⊔
t∈T
{((a0)t, (α0)t)} × U × C
k ≃ T × U × Ck,
we regard S(ν) ≃ T × U × S(Ck) and we write S(ν)|T×D(Rn) for
S(ν)|⊔
t∈T
{((a0)t,(α0)t)}×D(Rn).
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Here we may assume that the radius of the disk D(Rn) is sufficiently small, and the
neighborhood U of the origin in Rn satisfies U ≃ Int(D(Rn)). Let fR : D(Rn) →
R
n, fC : S(C
k)→ Cm be the sections obtained by the maps
D(Rn)→ Rn ; v 7→ v, S(Ck)→ Cm ; u 7→ 0.
Since we assumed that (fH +)
−1(0) is compact, using a deformation by an S1-
equivariant homotopy preserving compact support and the product formula of Euler
class, we obtain
eS1
(
E|S(ν) → S(ν), f
)
=e
(
H
+ → T, fH +
)
∪ e (Rn → D(Rn), fR) ∪ eS1
(
C
m → S(Ck), fC
)
(16)
under the ismorphism
Hb
++n+2m
S1
(
S(ν), S(ν)|T ′×D(Rn)∪T×S(Rn);Z
)
≃
⊕
p+q+r=b++n+2m
Hp(T, T ′;Z)⊗Hq(D(Rn), S(Rn);Z)⊗HrS1(S(C
k);Z).(17)
Here eS1(·) is the S
1-equivariant Euler class. Since c21 > sign(X), by considering
the relation between dimUt and the formal dimension of the Seiberg-Witten moduli
space, we have m < k. Let µ ∈ H2((C \ CR×{0})/S
1;Z) be the first Chern class of
the principal S1-bundle C \ CR × {0} → (C \ CR × {0})/S1. We write α for
α := µ2(k−1)−2m ∈ H2(k−1)−2m((C \ CR × {0})/S
1;Z).
Set C˜ = C ×T H + × Rn × Cm and let
p : (C˜ \ C˜S
1
)/S1 → (C \ CS
1
)/S1 = (C \ CR × {0})/S
1
be the projection.
Lemma 3.4. Suppose that T and Ψ satisfy Condition 2, and construct a virtual
neighborhood U as above. Then the following statements hold:
(1) The cohomology class
eS1
(
E|S(ν) → S(ν), f |S(ν)
)
∪ p∗α
∈Hb
++n+2k−2
S1
(
S(ν), S(ν)|T ′×D(Rn)∪T×S(Rn); Z
)
corresponds to
e
(
H+ → T, fH+
)
∈ Hb
+
(T, T ′; Z)
via the isomorphism (17) and
Hn(D(Rn), S(Rn);Z) ≃ Z, H2k−2S1 (S(C
k);Z) ≃ Z.
(2) Suppose also that T is a b+-dimensional oriented compact manifold and
T ′ = ∂T . Then for the fundamental class of T (in the case of T ′ 6= ∅, fun-
damental class as a compact manifold with boundary) [T ] ∈ Hb+(T, T
′;Z),
we have 〈
e
(
H
+ → T, fH +
)
, [T ]
〉
= 0.
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Proof of Lemma 3.4(1). Note that e (Rn → D(Rn), fR) is the generator of
Hn(D(Rn), S(Rn);Z) ≃ Z
and
eS1
(
C
m → S(Ck), fC
)
∪ p∗α ∈ H
2m+{2(k−1)−2m}
S1 (S(C
k);Z)
is the generator of
H
2m+{2(k−1)−2m}
S1 (S(C
k);Z) ≃ H2k−2(CPk−1;Z) ≃ Z.
Hence the claim follows from (16). 
Proof of Lemma 3.4(2). Since ∂
(
U \ N (US
1
)
)
/S1 = S(ν)/S1 ≃ T × U × CPk−1
holds, we have〈
e
(
H
+ → T, fH +
)
, [T ]
〉
=
〈
eS1
(
E|S(ν) → S(ν), f |S(ν)
)
∪ p∗α, [S(ν)/S1]BM
〉
=
〈
eS1
(
E|S(ν) → S(ν), f |S(ν)
)
∪ p∗α, ∂
[(
U \ N (US
1
)
)
/S1
]
BM
〉
= 0.
Here the subscript BM means Borel-Moore homology. 
Remark 3.5. (1) If T is compact, it automatically follows that s−1(0) is com-
pact by the same argument of usual compactness of the moduli space of
the Seiberg-Witten equations.
(2) For Lemma 3.4 (2), we can replace the above argument by the alternative
one with Z/2-coefficient in the case when T is a manifold which is not
orientable.
Before stating the next proposition, note that
H
+g (X)→ Hom(V +,R) = (V +)∗ ; ω 7→ (v 7→ [ω] · [ϕ−1g (v)])(18)
is a linear isomorphism since the intersection form restricted to H +g is positive
definite (in paticular non-degenerate). By using this isomorphism, we obtain a
trivialization of the vector bundle H + → Met(X). By (15), via this trivialization,
the section fH + : T → H
+ corresponds to the section
T → T × (V +)∗ ; t 7→ (t, (v 7→ 2πi[p+t(c)] · [ϕ
−1
gt (v)]))
of the trivial bundle T×(V +)∗ → T . This is the restriction of the section Met(X)→
Met(X) × (V +)∗ obtained from (13) up to constant. For ~R = (R1, . . . , Rk) ∈
[0,∞)k, we write P(~R) for
P(~R) :=
k⋂
i=1
{ ϕ ∈ P | 〈ϕ, vi〉 ≤ Ri } .
Note that there exists a continuous map from the b+-dimensional disk Db
+
to P(~R)
which induces an isomorphism Hb
+
(P(~R), ∂(P(~R));Z) ≃ Hb
+
(Db
+
, Sb
+−1;Z) if
Σ1, . . . ,Σk and c satisfy Condition 1 and all of R1, . . . , Rk are positive.
Proposition 3.6. Assume that b1(X) = 0, c
2 > sign(X), and in addition, Σ1, . . . ,Σk
and c satisfy Condition 1. Then for sufficiently large R0 > 0, there exits a metric
g ∈ ∂(ι(P(~R0))) such that there exists a solution of the Seiberg-Witten equations
with respect to the metric g (and the spin c structure corresponding to c), where
~R0 := (R0, . . . , R0).
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Proof. In the setting of Lemma 3.4, let T = Db
+
and Ψ be a continuous map
Db
+
→ ι(P(~R0)) which induces an isomorphism between the relative cohomology
groups. By Lemma 3.3, fH + is nowhere vanishing on S
b+−1 and we have〈
e
(
H
+ → Db
+
, fH +
)
, [Db
+
]
〉
6= 0,
where [Db
+
] is the fundamental class [Db
+
] ∈ Hb+(D
b+ , Sb
+−1;Z). Hence the
parametrized moduli space on Sb
+−1 is not empty by Lemma 3.4 (2). 
Remark 3.7. Nakamura [14] used a family version of the Seiberg-Witten equations
and information coming from reducible solutions to study diffeomorphisms on 4-
manifold. Kronheimer-Mrowka-Ozsva´th-Szabo´ [9] used a 2-parameter family of
Seiberg-Witten equations to consider an exact triangle for monopole Floer homol-
ogy. Ruberman [22], [22] and [23] used 1-parameter version Donaldson/Seiberg-
Witten invariants and the wall crossing phenomena to study diffeomorphisms and
metrics with positive scalar curvature on 4-manifold.
The following proposition will be proved in the next section.
Proposition 3.8. Let Σ1, . . . ,Σl be the same one in Lemma 3.2. Suppose that
there exists a constant C0 > 0 depending on only the initial metric g0 and c, there
exist non-negative numbers R1, . . . , Rl ≥ 0 satisfying R1+· · ·+Rl > C0/2 and there
exists a solution of the Seiberg-Witten equations with respect to a metric g(R1,...,Rl)
stretched in the neighborhood of each Σi by the length Ri. Then
χ−(Σi) ≥ |c · αi|(19)
holds for at least one i ∈ {1, . . . , l}. (The constant C0 will be given concretely in
(23) in Lemma 4.4.)
Then we can complete the proof of Theorem 2.11. Take sufficiently large R0 > 0.
By Proposition 3.6, there exists a solution of the Seiberg-Witten equations with
respect to a metric on ∂(ι(P( ~R0))). Therefore there exist surfaces Σi1 , . . . ,Σil (1 ≤
l ≤ b+, {i1, . . . , il} ∈ S) and there exist numbers Ri1 , . . . , Ril ≥ 0 such that
Ri1 + · · ·+Ril > R0/2 and there exists a solution of the Seiberg-Witten equations
with respect to a metric g(Ri1 ,...,Ril ) stretched in the neighborhood of Σi1 , . . . ,Σil
by the length Ri1 , . . . , Ril respectively. Hence by Proposition 3.8, the inequality
holds for at least one of Σi1 , . . . ,Σil . Since we assume that c · αi 6= 0, if we have
χ−(Σi) ≥ |c · αi|,then χ−(Σi) = −χ(Σi) holds. This proves Theorem 2.11.
4. Analytical arguments
In this section, we prove Lemma 3.2 and Proposition 3.8 in the previous section.
Let X be an oriented closed smooth 4-manifold and Σ ⊂ X be an embedded
surface with zero self-intersection number and set α := [Σ]. We take an initial
metric g0 such that a neighborhood of the sphere bundle of the normal bundle of
Σ forms [0, 1]×S1×Σ =: [0, 1]× Y with the product metric. We consider a metric
gR stretched in the neighborhood of Σ by the length R > 0. (In the following
argument, it is not necessary that gR coincides with g0 on the complement of the
neighborhoods of Σ.) Let c ∈ H2(X ;Z) be a characteristic.
The following Lemma 4.1 is shown by Cauchy-Schwarz inequality and Fubini’s
theorem.
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Lemma 4.1. (Kronheimer-Mrowka [8], Kronheimer [6]) For any closed 2-form ω
on X,
|α · [ω]|2 =
∣∣∣∣
∫
Σ
ω
∣∣∣∣
2
≤
‖ω‖2L2gR([0,R]×Y )
· Area(Σ)
Area([0, R]× S1)
(20)
holds, where Area(·) means the area with respect to g0 and L2g means L
2-norm with
respect to the metric g.
Lemma 4.2. For a metric g, we define ωg := ϕ
−1
g (pV +(α)) ∈ H
+g (X), then
|α− [ωgR ]|
4 ≤
C · Area(Σ)
Area([0, R]× S1)
holds for a positive number R > 0. Therefore we have
lim
R→∞
[ωgR ] = α.
Here the constant C > 0 depends only on the homology class α ∈ H2(X ;R) and the
fixed decomposition H2(X ;R) = V + ⊕ V −. (In particular, C is independent of the
positive number R and the choice of the metric gR.)
Proof. Note that for any metric g, ‖ωg‖L2g(X) ≤ |pV +(α)|
2 =: C0 holds. By
Lemma 4.1, we have
|α · [ωgR ]|
2 =
∣∣∣∣
∫
Σ
ωgR
∣∣∣∣
2
≤
C0 ·Area(Σ)
Area([0, R]× S1)
.(21)
Consider the decomposition α = β+γ, [ωgR ] = β+δ (β ∈ V
+, γ, δ ∈ V −). Since we
have −2(β2+γδ) = (γ−δ)2−(β+δ)2 and the both terms of the right-hand side are
negative, we obtain |2(β2+γδ)| ≥ |(γ−δ)2| = |γ−δ|2, i.e., 2|α ·[ωgR ]| ≥ |α−[ωgR ]|
2.
By putting together (21), we have
|α− [ωgR ]|
2 ≤ 2
(
C0 · Area(Σ)
Area([0, R]× S1)
)1/2
.

Proof of Lemma 3.2. It is clear since in Lemma 4.2 the constant C does not depend
on the choice of the metric gR. 
The following Lemma 4.3 is shown by using the Weitzenbo¨ck formula.
Lemma 4.3. (Kronheimer-Mrowka [8], Kronheimer [6]) Let sg : X → R be the
scalar curvature for a metric g. We define κg : X → R by
κg := max{−sg, 0}.
If there exists a solution of the Seiberg-Witten equations with respect to the metric
g and the spin c structure corresponding to c, then
‖hg(c)‖
2
L2g(X)
≤
‖κg‖2L2g(X)
(4π)2
−
∫
X
c2.(22)
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Lemma 4.4. (cf. Kronheimer-Mrowka [8], Kronheimer [6]) Normalize the initial
metric g0 to be on Σ of constant scalar curvature and of unit area, and in addition,
of unit length for S1 in [0, 1]×S1×Σ. If there exists a solution of the Seiberg-Witten
equations with respect to the metric gR and c, then
χ−(Σ)2 +
C0
R
≥ |c · α|2, where C0 =
‖κg0‖
2
L2g0(X)
(4π)2
−
∫
X
c2.(23)
(Note that C0 depends on only g0 and it can be positive, negative and zero.)
Thus if there exists a positive number R such that R > |C0|/2 and there exists a
solution of the Seiberg-Witten equations with respect to the metric gR, we have
χ−(Σ) ≥ |c · α|.
Proof. It follows immediately from Lemma 4.1 and Lemma 4.3. 
Proof of Proposition 3.8. For simplicity, we give the proof only in the case of l = 2.
Let Yi := S
1×Σi. Assume that the inequality (19) does not hold for both i = 1, 2.
Then, since χ−(Σi)
2 + 1 ≤ |c · αi|
2 holds, taking weighted average, we have
R1χ
−(Σ1)
2 +R2χ
−(Σ2)
2 + 2(R1 +R2) ≤ R1|c · α1|
2 +R2|c · α2|
2.(24)
On the other hand,
‖hg(R1,R2)(c)‖
2
L2g(R1,R2)
(X) ≤ R1χ
−(Σ1)
2 +R2χ
−(Σ2)
2 +
‖κg0‖
2
L2g0(X)
(4π)2
−
∫
X
c2,
(25)
holds by Lemma 4.3. We also have
|c · αi|
2 ≤
‖hg(R1,R2)(c)‖
2
L2g(R1,R2)
([−Ri,Ri]×Yi)
Ri
(i = 1, 2)(26)
by Lemma 4.1. Taking weighted average for (26), we obtain
R1|c · α1|
2 +R2|c · α2|
2
≤‖hg(R1,R2)(c)‖
2
L2g(R1,R2)
([−R1,R1]×Y1)
+ ‖hg(R1,R2)(c)‖
2
L2g(R1,R2)
([−R2,R2]×Y2)
≤‖hg(R1,R2)(c)‖
2
L2g(R1,R2)
(X).(27)
By putting together (24), (25) and (27),
R1χ
−(Σ1)
2 +R2χ
−(Σ2)
2 + 2(R1 +R2)
≤R1χ
−(Σ1)
2 +R2χ
−(Σ2)
2 +
‖κg0‖
2
L2g0(X)
(4π)2
−
∫
X
c2
holds. Therefore we obtain
2(R1 +R2) ≤
‖κg0‖
2
L2g0(X)
(4π)2
−
∫
X
c2.
This contradicts our assumption. 
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Remark 4.5. We can also prove Proposition 3.8 by the original argument in Kronheimer-
Mrowka [7]; the method using Chern-Simons-Dirac functional ([7], Proposition 8,
Lemma 9). Using the argument, one can show easily the following proposition. Let
l > 0 and Σ1, . . . ,Σl and g(R1,...,Rl) be the same one in Proposition 3.8.
Proposition 4.6. Assume that for any sufficiently large R > 0 there exist positive
numbers R1, . . . , Rl > 0 such that min{R1, . . . , Rl} > R and there exists a solution
of the Seiberg-Witten equations with respect to the metric g(R1,...,Rl). Then for each
i ∈ {1, . . . , l} there exists a solution on R × Yi which is translation-invariant in
temporal gauge.
From Proposition 4.6 together with [7] Lemma 9, we obtain a result which is
stronger than Proposition 3.8:
If the assumption in Proposition 4.6 is satisfied, then for any i ∈ {1, . . . , l},
χ−(Σi) ≥ |c · αi|.
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